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Abstract
We derive a simple consistency relation from the running of the tensor-to-scalar ratio.
This new relation is first order in the slow-roll approximation. While for single field
models we can obtain what can be found by using other observables, multi-field cases
in general give non-trivial contributions dependent on the geometry of the field space
and the inflationary dynamics, which can be probed observationally from this relation.
The running of the tensor-to-scalar ratio may be detected by direct laser interferometer
experiments.
∗jgong AT hep.wisc.edu
Inflation [1] is supposed to be the most promising candidate to solve many cosmological
problems such as horizon problem, and to provide the initial conditions for the subsequent
standard hot big bang universe [2]. Among many successes of inflation, the nearly scale invariant
density perturbations on the scales of the cosmic microwave background (CMB) are believed
to be one of the most solid predictions of inflation. They were first probed by the Cosmic
Background Explorer (COBE) satellite [3], and indeed in excellent agreement with most recent
observations [4]. In the standard picture, the origin of these scale invariant perturbations is
the vacuum fluctuations of one or more scalar fields which dominate the energy density of the
universe during inflation, the inflaton fields.
There exists, however, another source of the CMB temperature anisotropies produced during
inflation. The tensor perturbations, which emerge as the primordial gravitational waves [5],
are believed to contribute to the CMB anisotropies at low multipoles up to l . 100. There are
several reasons why the gravitational waves, and the detection of them, are potentially very
important. One reason should be that from the amplitude of the gravitational waves, or the
tensor-to-scalar ratio r ≡ PT/PS, we can directly determine the inflationary energy scale [6].
Another reason which becomes popular recently is that, in many models of string inflation based
on the de Sitter vacua constructed by flux compactification [7], the level of the gravitational
waves are expected to be extremely small to be ever detected, r . 10−24 or so [8]. Meanwhile
the current bound is only r . 0.2. In single field models, detectable gravitational waves
means a field variation of O(mPl) with mPl ≡ (8πG)−1/2 ≈ 2.4 × 1018GeV [9]. Constructing a
stringy model of inflation with such a large field variation and in turn detectable gravitational
waves remains an open challenge [10]. Moreover, it is expected that by near future CMB
observations the sensitivity will be improved at most to a level of r ∼ O (10−2). Thus it is very
important to fully understand the implications of the primordial gravitational waves regarding
the observations.
In this note we explore another aspect of the tensor perturbations. We point out that we
can obtain a new consistency relation from the running of the tensor-to-scalar ratio. Using this
relation, we might be enabled to observationally discriminate multi-field models from single field
ones. More importantly, for multi-field cases, this consistency relation opens a new possibility
to study the geometry of the field space and the dynamics during inflation.
Irrespective of inflation model driven by single or multiple number of fields, the spectrum
of the primordial gravitational waves produced during inflation is given by [5]
PT =
8
m2Pl
(
H
2π
)2
, (1)
and the dependence on the wavenumber k is described by
PT ∝ knT , (2)
where the corresponding spectral index nT is
nT = −2ǫ , (3)
with ǫ ≡ −H˙/H2 being the usual slow-roll parameter. This is because the equation of motion
of each polarization state of the gravitational waves is exactly that of massless scalar field [11]
and is thus independent of the detail of the inflation model under consideration.
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Meanwhile, the spectrum and the spectral index of scalar perturbations do depend on the
detailed inflationary dynamics†. More specifically, we have
PS =
(
H
2π
)2(
H
φ˙
)2
, (4)
and
PS =
(
H
2π
)2
hijN,iN,j , (5)
for the cases of single and multiple fields, respectively. In Eq. (5), hij is the metric of the field
space, N ≡ ∫ Hdt is the number of e-folds, and N,i ≡ ∂N/∂φi. The corresponding spectral
indices which will be shown soon are different, but nevertheless we can write the dependence
of PS on k as
PS ∝ knS−1 . (6)
Combining Eqs. (2) and (6), r depends on k as
r ∝ k1−nS+nT , (7)
so that the running of r is
d log r
d log k
= 1− nS + nT . (8)
We stress that this relation is valid for all the inflationary models, irrespective of driven by
single or multiple number of fields. Moreover, it is first order in the slow-roll approximation
and does not involve any model dependent parameter. The implications Eq. (8) suggests for
single and multi-field inflation, however, are quite different.
For single field case, it is well known that the spectral index is‡
nS − 1 = −6ǫ+ 2η , (9)
where
η ≡ m2Pl
V ′′
V
, (10)
is another slow-roll parameter. Thus, from Eq. (8),
d log r
d log k
= 2(2ǫ− η) . (11)
Note that the same factor of 2ǫ − η can be derived from a higher order version of the consis-
tency relation [16]. The relation here is, however, first order in the slow-roll parameters as we
†Note that if we allow post-inflationary generation of perturbation via e.g. the curvaton mechanism [12], PS
occupies only some or even negligible fraction of the total scalar perturbations, and in turn we always obtain
smaller tensor-to-scalar ratio [13]. This jeopardizes the possibility of using the ‘standard’ consistency relation
r = 16ǫ to distinguish between single and multi-field inflation models. In the present note, however, we do not
consider any post-inflationary production of perturbation.
‡It is noticeable that while one can proceed the calculation with corrections up to arbitrary power of the
slow-roll parameters [14], more general slow-roll conditions [15] may give rise to, for example, large enough
running of the scalar spectral index. This is another observationally interesting possibility.
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emphasized. This also provides some information in the light of a classification scheme of the
models of inflation [17]. However, we can extract exactly the same conclusion by combining
PS, PT (or r) and nS. Measuring d log r/d log k will give a consistency check on the single field
model and therefore may be worth in that sense, but there is nothing new.
The situation is, however, completely different for multi-field inflation models. When mul-
tiple number of light fields give rise to inflation, following δN formalism [18], the spectral index
is given by
nS − 1 = −2ǫ− r
4
+ 2ηmulti − 2 N,iN,j
hklN,kN,l
Riab
j
3m2Pl
φ˙aφ˙b
H2
, (12)
where Rijkl is the Riemann curvature tensor of the field space,
Rijkl = Γ
i
jk,l − Γijl,k + ΓmjkΓilm − ΓmjlΓikm , (13)
with
Γijk ≡
1
2
hil (hjl,k + hkl,j − hjk,l) (14)
being the Christoffel symbol constructed by hij , and we have defined, a` la Eq. (10),
ηmulti ≡ m2Pl
N,iN,j
hklN,kN,l
V ;ij
V
, (15)
with a semicolon denoting a covariant derivative in the field space. Therefore, we obtain
d log r
d log k
− r
4
= −2ηmulti + 2 N,iN,j
hklN,kN,l
Riab
j
3m2Pl
φ˙aφ˙b
H2
, (16)
where on the left hand side are only observable quantities. We can see that from Eqs. (3) and
(12) the common term −2ǫ disappears and we are left with the ones which depend purely on
the geometry of the inflaton field space and the inflationary dynamics. It is very important
to note that in contrast to the single field case, we cannot obtain these terms with only PS,
PT and nS. Therefore measuring the running of the tensor-to-scalar ratio can be another way
of distinguishing between single and multi-field cases observationally, and further provide a
potential probe of the underlying theory of inflation.
An immediate non-trivial contribution appears when the field space is curved. For example,
let us consider the Ka¨hler potential
K = −3m2Pl log (T + T ∗) , (17)
which is typical for string moduli. Writing the complex modulus field T as a sum of two real
fields X and Y , i.e. T = X + iY , from the kinetic term
∂2K
∂ΦI∂Φ∗J
∂µΦI∂µΦ
∗J =
1
2
hij∂
µϕi∂µϕ
j , (18)
we find the metric hij for the real scalar fields ϕ
i as
hij = diag
(
3m2Pl
2X2
,
3m2Pl
2X2
)
. (19)
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Then we have
RXY XY = R
Y
XY X =
1
X2
, (20)
so the field space is indeed curved, and leads to additional contributions on the right hand side
of Eq. (16). However, it is expected that this contribution due to curved field space is small:
generally, in the slow-roll regime, the variation of the field φi per each e-fold is
∆φi
mPl
=
√
2ǫi , (21)
with ǫi ≡ (φ˙i/H)2/(2m2Pl) so that ǫ =
∑
i ǫi. This means while the scales corresponding to the
low multipoles l . 100 are leaving the horizon, the probed field space is very tiny. Therefore
whatever geometry the field space has actually, it can be approximated as a flat space.
Figure 1: A simple trajectory where the critical value of the inflaton field φ is not a constant.
Here δN depends not only on δφ||, the fluctuations along φ˙, making ηmulti non-trivial.
However, even if the field space is flat, i.e. hij = δij , in general we still have non-trivial
result. This is because V ;ij is contracted with N,iN,j, i.e. we have a ‘projection’ operator. From
dN = Hdt it directly follows that
N,iφ˙
i = ∇N · Φ˙ = H , (22)
which never necessarily means that the gradient of N in the field space is aligned in a specific
manner with respect to the corresponding component of the velocity of the field. For example,
consider a simple hybrid like situation depicted in Fig. 1. In usual hybrid inflation [19], φc
is a constant and is orthogonal to the direction of the evolution of φ, i.e. φ˙. Thus δφ⊥, the
fluctuations of φ orthogonal to φ˙, cannot alter the number of e-folds N and hence the curvature
perturbation, which is equivalent to δN , is independent of δφ⊥. Only the fluctuations along
φ˙, which we write δφ||, can change the end of inflation by moving φ backward or forward by
that amount, and accordingly give rise to δN and the curvature perturbation. Now, instead
of a constant φc, let us consider the case where φc is not orthogonal to φ˙ due to for example
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another field ψ, i.e. φc = φc(ψ). In this case, δN is not only dependent on δφ||, but also on
δφ⊥. Therefore ∇N does not have a simple relation with φ˙ such as
∂N
∂φ
=
H
φ˙
, (23)
which holds for single field case. Contracted with N,i, even in flat field space generally we have
different result for m2Pl(N,iN,j/N,kN
,k)V ,ij/V from single field case where this corresponds to
simply η. This suggests the potential role of the running of r as an observational probe of the
non-trivial inflationary dynamics. The simplest multiple chaotic inflation model,
V =
∑
i
Vi =
∑
i
λi
φni
mn−4Pl
, (24)
is in fact a very special case [20] where we can reproduce the predictions of the corresponding
single field case
V = λ
φn
mn−4Pl
. (25)
Finally, let us discuss the practical feasibility of the detection of d log r/d log k. This amounts
to, as can be read from Eqs. (8), (11) and (16), the individual detection of nS, nT and r. Apart
from nS which will be even further constrained, the B-mode CMB polarization anisotropies
can reveal the primordial gravitational waves and thus r and nT. By the CMB polarization
observations alone, e.g. even CMBPol, unfortunately, it is unlikely that we can determine both
of them, or at least nT, at a satisfactory level: for a realistic experiment with no foreground and
no lensing subtraction which can probe r & 0.01, the 1σ error of nT is as large as few× 0.01−
0.1 [21], but nT given by Eq. (3) is at most as large as O(0.01). This situation, however, can be
greatly improved by direct detection programmes with laser interferometers such as Big Bang
Observer (BBO) and Deci-Hertz Interferometer Gravitational wave Observer (DECIGO). Their
sensitivity peaks are at around 1 Hz with ΩGWh
2 ∼ 10−18 (BBO) − 10−20 (DECIGO), which
corresponds to r ∼ 10−4 (BBO)− 10−6 (DECIGO). Then, the 1σ error of nT can be improved
as much as σnT ∼ 10−8/r in this regime [22]. Thus from the laser interferometer experiments,
it is not completely impossible to detect d log r/d log k provided that once r is detected. With
the sharpening accuracy of the observations of the scalar perturbations on the CMB scales, it
could be sufficient enough with laser interferometer alone: if r is detected on the CMB scales,
we will be able to fix everything unambiguously.
To conclude, we have found a very simple consistency relation from the running of the
tensor-to-scalar ratio first order in the slow-roll parameters. In single field models this would
merely reproduce what we can find by using other observables, meanwhile for multi-field cases
we can extract very important information on the inflaton field space and the inflationary
dynamics observationally. We can hope to detect this running by the future laser interferometer
experiments.
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